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Abstract:  The instantaneous capacity of multiple-input multiplépat (MIMO)
systems over Rayleigh fading channel is known to follow awadrprobability distri-
bution when the number of antennas is large. In this papeextend this result for
distributed MIMO (DMIMO) systems. First, we show that thet@ntaneous capacity
of DMIMO systems is asymptotically equivalent to a Gaussemdom variable, we
then derive an asymptotical approximation of the outagéadvdity which becomes
tighter as the rate or the number of nodes and antennas ofdtensincreases. This
expression can be used to easily evaluate the outage plitbabDMIMO systems,
both for downlink and uplink cases. As an application, wéisgithis expression to
compare the theoretical throughput performance of MIMO BMIMO systems.
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1. Introduction

Calculation of the channel capacity for multiple-input multiple-output (MIMO) systems
over the Rayleigh fading channel has attracted considerable research interests in the past
decades [1-3]. Recently, it has been shown by various authors using different methods
that the mutual information, or also known as instantaneous capacity, of the MIMO
Rayleigh fading channel is equivalent to a Gaussian random variable (RV) [4-7]. This
result has been theoretically obtained for large numbers of inputs and outputs of the
MIMO channel and has been confirmed by simulations for even small numbers of inputs
and outputs [5,6]. This result has been used to obtain an approximation of the outage
probability for MIMO systems in [7].

In distributed MIMO (DMIMO) systems, several static nodes equipped with various
numbers of antennas cooperate to communicate with a mobile node. This cooperation
can be achieved in a multi-hop fashion, where one of the static node communicates with
the mobile node using other static nodes to relay the information [8]; or in a distributed
manner, where each static node shares the same data via a wired or wireless link and all
the static nodes communicate together with the mobile node [9-11]. The latter scenario
is considered here.

In this paper, we propose an asymptotical approximation of the outage probability
for DMIMO systems, relying on the system model introduced in Section 2 [9]. In Section
3, we prove that the instantaneous capacity of DMIMO systems over Rayleigh fading
channel is asymptotically equivalent to a Gaussian RV by using the replica method [12],
and the multiple saddle point integration technique [13]. First, we derive the moment
generating function of the instantaneous capacity of the uplink for a large number of
nodes and antennas. We show that its formulation is equivalent to the formulation
of the moment generating function of a Gaussian RV. We then obtain the mean and
variance of the instantaneous capacity by matching them with those of a Gaussian RV
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and use them to express our asymptotical approximation of the outage probability for
the downlink and uplink of DMIMO systems. Numerical results in Section 4 indicate
that our asymptotical approximation of the outage probability becomes tighter as the
rate or the number of nodes and antennas of the system increases. In Section 4, we
introduce some applications for our results, e.g., we utilise our expression to show
the throughput gain that DMIMO systems can achieve over MIMO systems when an
unlimited number of automatic retransmission requests (ARQs) is assumed. Finally,
conclusions are drawn in Section 5.

2. System Model for DMIMO systems

We consider a DMIMO communication system composed of m + 1 nodes, where m base
stations (BSs) equipped with p antennas cooperate to transmit/receive data to/from a
mobile station (MS) equipped with ¢ antennas. The m BSs are in different locations
and therefore the links between each of the m BSs and the MS have different path
losses [9]. As a result, the receive signal can be expressed as

r =+/¢/nHs +n, (1)
where € is the average transmitted signal energy, s € CMt is a normalised to unit-power
transmitted signal, H € CV >Nt characterises the propagation variation of each link
between any nodes, and n € CV" is a vector of independent zero-mean complex Gaussian
noise entries with a double-sided variance of Ny/2. The total number of transmit and
receive antennas of the DMIMO system is defined as N; and N,., respectively, and n
is the number of transmit antenna per node. In the uplink case, N; = n = ¢ and
N, = mp, while in the downlink case, N; = mp, N, = ¢ and n = p. The matrix H is
defined as the element-wise product between the matrix 3 € RfTXN * that accounts for
the average path loss and shadowing, and the matrix H € CNr*Nt that characterises
the MIMO Rayleigh fading channel such that H = 3 ® H, where ® is the element-wise
product between any two matrices and R, = {x € R|z > 0}. The average path loss
and shadowing is different for each of the m BSs, thus £ = T' 2 [I], TS, ... T7 |f and
3> = I'! in the uplink and downlink cases, respectively, with T'; € RY”. Moreover,
we consider that H is a random matrix having zero-mean and variance of 0.5 i.i.d.
Gaussian entries, and we assume that H remains fixed for the whole transmission when
it has been chosen. Thus, the channel is non-ergodic and the outage probability, i.e.,

the probability that the transmission rate R exceeds the instantaneous capacity of the
aggregate channel C' (ﬁ) 2 Al ¢(ﬁ), is defined as
Pow = P(C(H) < R), (2)
where ¢(H)=|Iy, +vHHT/n|, y=¢/N, is the average signal-to-noise-ratio (SNR), I,
is a N, x N, identity matrix, H' indicates the Hermitian transpose of ﬁ, and A\=1 if the
capacity is expressed in nats/s/Hz or A= ﬁ if the capacity is expressed in bits/s/Hz.
Recently, it has been shown in [4-7] that the instantaneous capacity C'(H) of MIMO
systems over Rayleigh fading channel, i.e., for m = 1, tends to be a Gaussian RV as p
and ¢ grows to infinity. In the next section, we extend this result for DMIMO systems

over Rayleigh fading channel, i.e., for m > 1, and show that C'(H) is asymptotically
equivalent to a Gaussian RV Z with moment generating function defined by

My(t) = E{exp(tZ)} = exp (tp. +t°07/2) | (3)
when m, p and ¢ grows to infinity, and where p, € R and o2 > 0.
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3. Asymptotical approximation of the DMIMO outage probability
Let us re-express ¢(H), which is given below (2), as follows
Iy, jv/7/nH _

jvy/nHD 1y,

Applying Theorem 1 in the Appendix to A= <IN7‘ + vﬁﬁT/n) and using (4), we get

LA T S I S N O

where x € CM and y € CM. At this stage, replicating u times the integral in (5) with
several variables [12] we obtain ¢(H)™* = exp(—(u/\)C(H)) =

/N /N eXp —mtr [(XTX—FYTY) +j\/%<ﬁyxf +nyﬁt>]> IXdY, (6)
CNrxu JONgxu

where tr[.] denotes the trace of a matrix, X = [x1,X2,..., X, Y = [y1,¥2,- -, Yu
XECNTX“ and Y € CM*“. Averaging (6) with respect to H E{exp[(—u/N\)C(H)]} =

Mgy (—u/A) = 7= / / / exp(—mtr [(X'X +Y"Y)]) v(H)dHIXAY,
(CNTXNt CNTXu (CNtXu

(7)
where ¢(H) = exp(— tr [j (ﬁBT+BﬁT) —HHT} ), and B =7/~ /nXYT, B CN*M,
Integrating ¢ (H) in (7) with respect to H, we can rewrite (7) as Mg (—u/A) =

¢(H) = (4)

/ / exp Crtr [(XTX +YTY) - w”(z OXYH) (= o XYT) ]) dXdY. (8)
CN,Xu (CNtXu

Let T'; = /7:1"*F, where v; € R is the path loss coefficient of the i-th BS-MS link, 1
is a v X p matrix with all its elements equal to 1, and v is a dummy variable. Then the
following equalities (T ® XYT) = (T®X)YT and (T ®XYT) = X(T'T®YT) hold in the
uplink and downlink, respectively, with v = ¢ in the left hand side and v = wu in the
right hand side of each equality. Consequently, (8) can be re-expressed in the uplink as
follows

H) —u/\) = / / exp —7tr [(XTX + YTY) — 7T21WTWYTYD dXdY,
CNrxu JCNgxu n
9)
where W £ (I'oX) and tr [WYTYWT| =tr [WIWYTY]. The term exp(tr[—7*2WIW
xYTY]) in (9) can then be re-expressed using Equality 1 in the Appendix as

H H ]277' / /eXp Dba nGab - 71-\/_(VVTVV)G b] 7-['\/f_)/(?"a,b(YrJrY)b,a) dDb,adGmb-
D] Da ab

a=1b=1
(10)
Inserting (10) into (9) and followed by straightforward simplifications, we obtain

M, ﬁ)(—u/)\):(jz%)uz /D g /D exp(n tr[DG]) /C . ep(-m XX + TDWIW])iX

X /C . exp(—7 tr[Y'Y (I, + \/7G)])dYdDdG,
(11)
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with D}, £ Dy + (jR¥*) and D, £ Gg + (R*"), Dy, Gy € C***. Notice that
tr[YTY (I, +7G)] =30, Yi(l,+7G)Y] and tr[XTX + ADWIW] =31 X,(I,
ﬁVLz‘/pJD)XI in (11), where X; and Y; are the i-th row vectors of X and Y, respec-

tively, and |.| is the integer floor operator. Then, applying Theorem 1 in the Appendix
for integrating the integrand with respect to X and Y in (11), Mg (—u/A) =

n\"
exp (un[(ma+ﬁ ) In(w +a21n U; ) <]77r) /D; /Dg exp(np(D, G))dDdG,

12
where a £ p/n, 8 £ q/n, v; £ 1/y;, w £ 1//7, and ¢(D, G) is defined as (12)

©(D,G) = tr(DG) — aX™, Indet(v,wl, + D) — BIndet(wI, + G). (13)

In order to asymptotically compute the integral in (12), i.e., for m, p,q¢ — oo, we apply
the multidimensional saddle point integration method [13]. First, we expand the Taylor
series of p(D, G) for D = Dy + 6D and G = Gy + dG to its second order, and we
obtain

o(D,G) = p(Dy, Go)+tr[(Go — aX (v;wl, + DO)’1)5D+(D0 — (WL, + GO)’l)(SG

1
+§(a2?l1(viw1u +Dg) 2(6D)* + 20D6G + B(wI, + Go) 2(0G)?))].

According to (14), we obtain two critical points as follows

G() = Oinnil (UiWIu + D())il, D() = ﬁ(CJIu + Go)il. (15)

(14)

The matrices Dg and Gg are invariant in the replica space and thus are proportional
to the identity matrix I, [5]. Consequently, we set Dy = dI, and Go = gI, and
assume that the absolute maximum of Re(D, G) occurs for these values of Dy and Go.
Inserting the first equation into the second equation of (15) and considering Do = dI,,
we obtain the following polynomial equation

m

P(d) = (dw — 8) [ J(viw + d) + da > [ [ (vew + d) = 0. (16)
i=1 i=1 k=1
ki

We observe for different values of m that only one root amongst the m + 1 of P(d) is
real and nonnegative. We denote this root as dy, we then set Dg = dpl,, and obtain Gg
using the first equation of (15). Applying Do and Gg in (12), we asymptotically express
M) (—u/A) as Mgy (—u/A) — exp(un[(ma+ §) In(w) + X2 In(vy)] +ne(Do, Go))

X (j%) /D J /exp D [dg(éD) +20D8G+§5(5G) ]) d(5D)d(5G),

~ a7)
where dy = aX™, (viw + do) ™2, go=d3/3. Integrating (17) along the steepest descent
paths for 6D and G, the integral part in (17) is equal to (1 — dogy) /% and we have

(ma + 3) In(w +0421n (ﬁ) + (1n (?)
m d 2 o
oyt ] 1n<1_dogo>}).
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Equation (18) shows that M, g,(—u/A) can be expressed as Mz (t) in (3) for Z = C(H),
t =—u/\, and

- U, d - d
pz =—An lln () (ot e () va )
i—1 7 7

i=1
O[m do 2
2= N (1-2% () .
7z n( 6;<do+wvi))

Therefore C’(ﬁ) is asymptotically equivalent to a Gaussian RV Z, with Lo = Hz

= 0%, respectively, in (19). This result is valid if u can be extended from the

Y

(19)

and aé .
positive integers to the whole complex plane tu > 0. Following the replica method [12],
we assume as in [5-7] that (18) can be extended to a compact neighborhood of u = 0F.
Finally, C(ﬁ) being asymptotically equivalent to a Gaussian RV and with (2), the
outage probability of DMIMO systems can be well approximated for large values of m,

p, and g by
Pout ~ Q ([Mc(ﬁ) — R]/O'C(ﬁ)> . (20)

Notice that the derivation of the outage probability from (9) to (20) has been under-
taken for the uplink case, however its generalisation for the downlink case is straightfor-
ward. Knowing that (o XYT) = X(ET®YT), (8) can be re-expressed in the downlink
case as

M iy (—u/A) :/ / exp {—W tr [(XTX +Y'Y) - 7T2%XWTWX1 } dXdY,
cNexu Je

Ny xu
(21)
where Wi £ (XT©YT). Following the different steps of the derivation from (10) to (20)
with (21) instead of (9) as a starting point, the outage probability can be expressed
as in (20) with ip ) and o g, given in (19). However, in the downlink case we have
n=p, a=1and = ¢/pin (19), instead of n = ¢, « = p/q and $ = 1 in the uplink
case.

4. Numerical resultsand Applicationsfor Py
4.1 Accuracy ofPy

The accuracy of our asymptotical approximation in (20) depends on the values of m,
p and ¢q. In Table 1, we establish numerically for a MIMO system, i.e., m = 1, and
a DMIMO system with two BSs, i.e., m = 2, respectively, the values of p and ¢ for
which our asymptotical approximation in (20) has an sufficient accuracy. We define
e,(dB)2 |y7#(dB)—vac(dB)| as the accuracy metric, where yry and vy are the
theoretical SNR and the SNR obtained via Monte-Carlo simulation, respectively, which
are required to achieve a certain rate R for a given outage probability Pyy. Thus, the
lower is €,(dB), the more accurate is our expression. We consider that ¢, < 0.1 dB is
an sufficient accuracy, since if €, < 0.1 dB then 7y and vy ¢ differ by less than 3%.

In the case of DMIMO system with two BSs, we define A (dB)= 75(dB)—v,(dB) as
the SNR offset between the two BSs resulting from unequal path losses and shadowing
between each BS and the MS.

The condition p, € R in (19) holds only if dy > 0. Therefore, the root dy of P(d)
in (16) must be carefully selected amongst m + 1 roots, in order to evaluate (20). This
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Tablel: Accuracy ., (dB) of our asymptotical approximation in (20) for a MIMO sy® (n = 1), and a
DMIMO system with two base stations = 2)
m =1 m=2
R=1 | Pout = 0.01 A, =0dB R=4
=1 R=1
Pout R Ié] R A, (dB)
0.001/0.01| 0.1 1 4 10 1 2 3 1 4 10 | =10 =5 | O 5 10
1.01 10.50| 0.47 [0.50{2.8819.45(0.50 [0.67 {0.31(/0.65]1.49|1.55{0.98|1.33|1.49|1.33(0.97
1.43 10.80(0.010{0.800.43 0.2510.80]0.4710.311/0.48 {0.0710.04{0.13]0.11{0.07|0.11|0.12
1.0510.5310.060| 0.53 | 0.20 [ 0.20 | 0.53 ] 0.2910.20 {1/ 0.29 |{0.0610.03| 0.13 ]0.10{0.06 |0.09| 0.12
0.7210.35]0.046 | 0.35 1 0.15]0.11{0.35]0.18 | 0.12 || 0.18 |0.06|0.02| 0.12 |0.09|0.06 | 0.09| 0.12
0.50 10.2410.032|0.24{0.11]0.07]0.24{0.120.08(/ 0.120.05|0.02|0.09(0.07|0.05|0.07|0.09
0.36 10.17(0.023|0.17{0.08|0.05|0.17{0.09|0.06{/0.09/0.04/0.01|0.07|0.06|0.04|0.06|0.08
0.2710.13(0.018|0.13{0.07|0.04|0.13|0.07|0.04{/0.06|0.04/0.01{0.06/0.05|0.04|0.05|0.06
0.21 10.10/0.014|/0.10{0.06{0.03|0.10{0.05|0.03|{0.05|0.03|0.01|{0.05{0.04|0.03|0.04|0.05
0.17 10.08{0.012|0.08{0.05[0.03|0.08(0.04|0.03|/0.04|0.02/0.01{0.04/0.03|0.02|0.03|0.04
0.14 10.060.009|0.06{0.04/0.02|0.06|0.03|0.02/{0.03|0.02|0.01|0.03{0.03|0.02|0.03|0.03

—_
o

selection is straightforward for the case of m = 1 [7]. However, for the case of m > 1,
the selection of dj is a problem by itself which has been solved in [14]. The expression
of dy for m = 2 can also be found in [14].

In Table 1, various e,(dB) values obtained by using either a MIMO system, i.e.,
m = 1, or a DMIMO system, i.e., m = 2, are displayed for different Py, R, § and
A, (dB) values against the number of antennas p, in the downlink case. We consider
that a sufficient accuracy is reached when A, < 0.1 dB and the corresponding A, values
are highlighted in the table. In the case of m = 1, going from left to right, the first,
second, and third block of three columns indicates that the accuracy of (20) increases
as Pou, B, R, increases, respectively. More generally, these results shows that e, (dB)
decreases as p increases, it implies that the accuracy of (20) increases with the number
of antennas of the MIMO system. This result is in line with the results obtained in [5,6]
for m = 1. The results also indicate that (20) is not very accurate for low values of p,
B, Pout and R. In the case of m = 2, the accuracy of (20) also increases as R increases,
and decreases as |A,| increases. Moreover, the results pinpoint that (20) is accurate
for a wider range of p values than in the MIMO case, when the same R and [ values
are considered. This result was expected since when m increases the overall number of
antennas in the system increases.

4.2 Applications forPy

Our asymptotical approximation in (20) can be used to evaluate and compare the outage
probability of DMIMO systems faster than time consuming Monte-Carlo simulations.
Furthermore, the theoretical throughput of communication systems can be expressed
as T' = (1 — Pow) R, if an unlimited number of ARQs is assumed. Using (20) to evaluate
Pout, we plot in Fig. 1 the difference A between the theoretical throughput of a MIMO
system and the one of a DMIMO system with two BSs in function of the rate R and
72(dB), for v = 1, p = 3, ¢ = 4, both downlink and uplink cases in the left hand side
and right hand side of the figure, respectively. Moreover as indicated in the top right
corner of each sub-figures, we set vy = 1 and v, = 7 + 1 for the DMIMO system and
MIMO system, respectively, in order to fairly compare the two systems for the same
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Figure 1: Theoretical throughput comparison of a MIMO systagainst a DMIMO system with two base
stations: Downlink (left), Uplink (right)

total power. Figure 1 shows that a throughput gain resulting from spatial diversity
can be achieved by using a DMIMO system instead of a MIMO system. In Fig. 1,
maximum gains of 2 and 1.5 bits/s/Hz are reached for R ~ 4.2 and 3.4bits/s/Hz in the
downlink and uplink cases, respectively, when v, = 0 dB.

The formula in (20) can also be utilised in cooperative communication [15] to
evaluate the outage probability of the cooperative relay (R) channel, i.e., when both
BS and relay station (RS) transmit to the MS. Furthermore, the result in the first
line of (19) can be used to evaluate E{C'(H)}q for any MIMO communication sys-
tem where its instantaneous capacity is expressed as C'(H) = log, ‘I +HAH'|, with
A = diag([dg,01,-..,0n,]) is & Ny x N; diagonal matrix. Using this result a novel
amplify-and-forward scheme for cooperative communication based on the expectation
of the RS to MS channel has been designed in [16].

5. Conclusion

In this paper, the instantaneous capacity of DMIMO systems has been shown to be
asymptotically equivalent to a Gaussian RV and an asymptotical approximation of
the outage probability for DMIMO systems has been derived for both downlink and
uplink cases. Numerical results have indicated that the accuracy of our expression is
sufficient for a two-BSs DMIMO systems with two transmit antennas per BS, when
R >4 and A,(dB) is low. Moreover, the accuracy increases as the rate or the number
of nodes and antennas in the DMIMO system increases. Our expression can be used
to swiftly evaluate and compare the outage probability of DMIMO systems, and it has
been utilised here to show that DMIMO systems can achieve higher throughput than
MIMO systems by taking advantage of spatial diversity. Some other applications of our
analysis for cooperative communications have also been introduced.

A Appendix
Theorem 1 ([17]) Given a square matrbA € C™" and a vectorx € C", the improper

integral I = f«;n e(-mA%) 1. exists in the Lebesgue sense if and only if the real part of all
the eigenvalues Ak is positive. Then if exists, the following equality holds= det(A)~*.
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Equality 1 ([7]) ]2% fDJf-O ngO exp(f(—kg + x) + gy)dfdg = exp(xy/K)/k, holds for any
x,y,k, f,g € C. The domains D}O and D,, are defined as D}O 2 (fo — joo, fo + joo)
and Dy, = (g — 00, go + 00), respectively.
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